In this paper, we establish a sharp inequality for some multilinear singular integral operators with non-smooth kernels. As an application, we obtain the weighted L p -norm inequality and L log L-type inequality for the multilinear operators.
Definitions and results
As the development of singular integral operators and their commutators, multilinear singular integral operators have been well studied (see [-] ). In this paper, we study some multilinear operator associated to the singular integral operators with non-smooth kernels as follows.
Definition  A family of operators D t , t > , is said to be 'approximations to the identity' if, for every t > , D t can be represented by the kernel a t (x, y) in the following sense: for every continuous function f with compact support, and for almost all x not in the support of f . () There exists an 'approximation to the identity' {B t , t > } such that TB t has an associated kernel k t (x, y) and there exist c  , c  >  so that |x-y|>c  t / K(x, y) -k t (x, y) dx ≤ c  for all y ∈ R n .
() There exists an 'approximation to the identity' {A t , t > } such that A t T has an associated kernel K t (x, y) which satisfies
and
Let m j be positive integers (j = , . . . , l), m  + · · · + m l = m, and let b j be functions on R
The multilinear operator associated to T is defined by
Note that when m = , T b is just the multilinear commutator of T and b j (see [] 
and noted that Osc exp L r j ⊂ BMO. The main purpose of this paper is to prove a sharp function inequality for the multilinear singular integral operator with non-smooth kernel when D α b j ∈ BMO(R n ) for all α with |α| = m j . As an application, we obtain an L p (p > ) norm inequality and an L log L-type inequality for the multilinear operators. In [-], the boundedness of a singular integral operator with non-smooth kernel is obtained. In [] , the boundedness of the commutator associated to the singular integral operator with non-smooth kernel is obtained. Our works are motivated by these papers. First, let us introduce some notations. Throughout this paper, Q denotes a cube of R n with sides parallel to the axes. For any locally integrable function f , the sharp function of f is defined by 
We say that f belongs to
The sharp maximal function M A (f ) associated with the 'approximations to the identity'
where t Q = l(Q)  and l(Q) denotes the side length of Q. For  < r < ∞, we denote M
Let be a Young function and˜ be the complementary associated to . For a function f , we denote the -average by
and the maximal function associated to by
The Young functions used in this paper are (t) = t( + log t) r and˜ (t) = exp(t /r ), the corresponding average and maximal functions are denoted by
, we know the generalized Hölder inequality
and the following inequality, for r, r j ≥ , j = , . . . , l with /r = /r  + · · · + /r l , and any
We denote the Muckenhoupt weights by
We shall prove the following theorems.
Theorem  If T is a singular integral operator with non-smooth kernel as given in Def
- inition , let D α b j ∈ BMO(R n ) for all α with |α| = m j and j = , . . . , l. Then there exists a constant C >  such that for any f ∈ C ∞  (R n ),  < r <  andx ∈ R n , M # A T b (f ) r (x) ≤ C l j= |α j |=m j D α j b j BMO M l+ (f )(x).
Theorem  If T is a singular integral operator with non-smooth kernel as given in Defini
- tion , let D α b j ∈ BMO(R n ) for all α with |α| = m j and j = , . . . , l. Then T b is bounded on L p (w) for any  < p < ∞ and w ∈ A p , that is, T b (f ) L p (w) ≤ C l j= |α j |=m j D α j b j BMO f L p (w) .
Theorem  If T is a singular integral operator with non-smooth kernel as given in Defini
- tion , let w ∈ A  , D α b j ∈ BMO(R n ) for all α with |α| = m j and j = , . . . , l. Then there exists a constant C >  such that for all λ > , w x ∈ R n : T b (f )(x) > λ ≤ C R n |f (x)| λ  + log + |f (x)| λ l w(x) dx.
Proof of the theorem
To prove the theorems, we need the following lemma.
Lemma  (see []) Let b be a function on R n and D
whereQ is the cube centered at x and having side length  √ n|x -y|.
where the sup is taken for all measurable sets E with  < |E| < ∞. Then
Lemma  ([, ]) Let T be a singular integral operator with non-smooth kernel as given in Definition
where t Q = l(Q)  and l(Q) denotes the side length of Q.
Proof We write, for any cube Q withx ∈ Q,
We have, by the generalized Hölder inequality,
where the last inequality follows from
for some > . This completes the proof.
Proof of Theorem  It suffices to prove for f ∈ C ∞  (R n ) and some constant C  that the following inequality holds:
Without loss of generality, we may assume
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Now, let us estimate I  , I  , I  , I  , I  , I  , I  , I  and I  , respectively. First, for x ∈ Q and y ∈Q, by Lemma , we get
by Lemma  and the weak type (, ) of T (Lemma ), we obtain
For I  , we get, by Lemma  and the generalized Hölder inequality,
For I  , similar to the proof of I  , we get
Similarly, for I  , taking r, r  , r  ≥  such that /r = /r  + /r  , we obtain, by Lemma  and the generalized Hölder inequality,
For I  , I  , I  and I  , by Lemma , we get
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For I  , we write
By Lemma  and the following inequality (see [] )
we know that for x ∈ Q and y ∈  k+Q \  kQ ,
Note that |x -y| ≥ d = t / and |x -y| ∼ |x  -y| for x ∈ Q and y ∈ R n \Q. By the conditions on K and K t , we obtain 
Similarly,
For I 
